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Abstract

velocity) of the beam is determined by the golden ratio.

Topological pumping refers to transfer of a physical quantity governed by the system topology, resulting in quantized
amounts of the transferred quantities. It is a ubiquitous wave phenomenon typically considered subject to exactly
periodic adiabatic variation of the system parameters. Recently, proposals for generalizing quasi-periodic topological
pumping and identifying possible physical settings for its implementation have emerged. In a strict sense, pumping
with incommensurate frequencies can only manifest over infinite evolution distances, raising a fundamental question
about its observability in real-world finite-dimensional systems. Here we demonstrate that bi-chromatic topological
pumping with two frequencies, whose ratio is an irrational number, can be viewed as the convergence limit of pump-
ing with two commensurate frequencies representing the best rational approximations of that irrational number. In
our experiment, this phenomenon is observed as the displacement of a light beam center in photorefractive crystals
induced by two optical lattices. The longitudinal periods of the lattices, that in the paraxial approximation emulate
two pumping frequencies, are related as Fibonacci numbers, successively approaching the golden ratio. We observed
that a one-cycle displacement of the beam center at each successive approximation is determined by the relation
between successive Fibonacci numbers, while the average direction of propagation (emulating average pumping

1 Introduction

The fundamental significance of the topological (alias
Thouless) pumping lies in its dependence on the global,
rather than local, properties of a system. Typically such
pumping is investigated over one (or several) cycles of
the evolution of the system parameters and is character-
ized by quantized amounts of the transported quantities,
hence it is also known as a quantized transport. Ubiquity
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in wave systems and topological protection, making it
insensitive to the local imperfections of the medium,
are among the reasons for growing interest in this phe-
nomenon. Predicted by Thouless [1] for electrons in a
periodic potential, quantized transport has been experi-
mentally implemented in diverse physical systems [2],
featuring periodicity of the propagation medium and
cyclic evolution of the parameters. The phenomenon was
experimentally observed in photonic [3-7], atomic [8—
11], spin [12], mechanical [13], and acoustic [14, 15] sys-
tems. Topological pumping can also be implemented and
observed in aperiodic systems, like quasi-periodic arrays
of optical waveguides [16—18] and photonic crystals [19],
disordered [20] lattices, and fermions in a quasi-periodic
potential [21].

Quantized transport has its own unique features and
characteristics, even though it is conceptually similar
to other topological phenomena, such as the celebrated
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quantum Hall effect [22]. In particular, quantized trans-
port manifests itself in the time-coordinate (1+1)D space
(in the paraxial optics, the role of time is played by the
propagation distance). Observation of such quantized
transport usually requires adiabatic and periodic in time
variation of the parameters of a medium. Adiabatically,
in the first place allows avoiding undesirable inter-band
transitions [23], while the cycling defines the temporal
interval over which pumping is quantized. Respectively,
experimental detection of the dependence of the trans-
ported quantity on the global properties of the system
requires tracking the transport over at least one cycle (in
some cases, half a cycle [24]) of as slow variation of the
medium, as possible.

In all studies of quantized transport mentioned above,
the dynamical potentials or lattices leading to transport
of excitations were aperiodic in space (in atomic sys-
tems) or in the transverse direction (in optical systems),
while remaining periodic in time or along the evolution
direction, respectively. However, principally new phe-
nomena may arise when the system is modulated at two
different frequencies [25-29], especially when they are
incommensurate. We mention interplay between quasi-
periodic driving and spatial randomness in various physi-
cal systems [30, 31], the formation of long-lived phases
of matter [32-34], and Floquet engineered topological
states [35—38]. All these studies were not concerned with
the quantized transport and dealt with discrete systems,
i.e., different from the setting with light pumping consid-
ered here. Practical feasibility of observing a quantized
transport over a finite time (or length) in real samples is
severally restricted by at least two factors: necessity of
using extremely (theoretically infinitely) long propagation
distances (long samples) and by lacking of a well-defined
period of modulation over which the quantization of
transport can be defined. Thus, experimental observation
of the fundamental phenomenon of topological pumping
enabled by quasi-periodic driving remains elusive.

In this work, we develop theoretical description and
report the first experimental observation of the topologi-
cal pumping under quasi-periodic bi-chromatic pump-
ing, i.e. under principally new conditions, when dynamical
potential causing transport is quasi-periodic in evolution
variable. We thus explore the propagation of a paraxial
light beam in a photorefractive crystal, which is exactly
periodic in the transverse direction and quasi-periodically
modulated along the direction of the light propagation.
The system governed by the linear Schrodinger equation.
To observe pumping that in our case occurs for bulk states
we invoke the theory of the best rational approximations
(BRA) [39], which has been successfully applied in previ-
ous studies of systems with a quasi-periodic potentials and
periodic pumping (see e.g. [19, 40—44]). In experiment we
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induce in photorefractive crystals a series of longitudinally
periodic lattices approaching longitudinally quasi-periodic
lattice with progressively increasing accuracy. This allows
us to work in quasi-adiabatic regime to overcome the con-
straint imposed by the absence of a well-defined cycle of
evolution, and thus use at each approximation the results
of the conventional Thouless theory.

We have observed that when longitudinal frequencies of
sublattices forming the structure are related as Fibonacci
numbers (i.e., in the limit approximate the golden ratio),
a one-cycle displacement of the beam center at each suc-
cessive approximation is also determined by the relation
between successive Fibonacci numbers, what has been
confirmed by theory developed for the paraxial light bean
propagating in our structure. With increase of the number
of approximation, upon convergence to authentic quasi-
periodic system, the average direction of beam propagation
is found to approach the golden ratio conjugate.

2 Results

2.1 Periodic approximants for the quasi-periodic pumping
The propagation of a slit (i.e. uniform in the x direction)
low-power extraordinary polarized probe light beams in a
quasi-periodic optically induced lattice is described by the
dimensionless paraxial (alias Schrodinger) equation

{0,V = H,(y,2)¥ )

for the complex amplitude of the electric field W
of the probe beam. The Hamiltonian is given by
Hy(y,z) = —(1/2)8y2 + V4 (9,2), where y and z are the
dimensionless transverse and longitudinal (evolution)
coordinates. The "dynamical" optical lattice potential

Vo

Vo, 2) =V(,n,¢) = m

2)
with

1(y,n,¢) = 4pile”? cosy + e /% cos(n/2)|> + 4p5 cos*(£/2) (3)

n=y—oaz, and { =y —az/e, is created by superposi-
tion of three sublattices created by ordinary polarized
beams: a reference sublattice and two sublattices sliding
with angles o and a¢ ! with respect to the reference one.
This form of the potential is determined by the mecha-
nism of the response of the photorefractive crystal to
external illumination, when ordinary polarized lattice-
creating beams propagate in linear regime, but neverthe-
less create inhomogeneous refractive index landscape for
extraordinary polarized probe beam W. The sublattice
depths p% and p% are proportional to the intensities, Efz,
of the lattice-creating beams (see Methods). In the con-
text of the Thouless pumping the sliding angles emulate
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the frequencies of the driving (or alternatively, the veloci-
ties of motion of the lattices) while z plays the role of time
in the Schrodinger equation. In our model the dimen-
sionless units are chosen such that V,,(y, z) is 27-periodic
with respect to y, denoted by ¥ = 27 in the following,
while two driving (dimensionless spatial) frequencies are
equal to o and agp~!. Notice that the adiabaticity of the
pumping process requires 0 < o < 1 (see Methods). We
consider linear evolution of W subject to the condition
that the probe beam has sufficiently low intensity.
Optical potential V,, is quasi-periodic in z when the
parameter ¢ is the irrational number, i.e. when two driv-
ing frequencies o and ag~! are incommensurate. Our
consideration is detailed to target the golden ratio conju-
gate o1 = (v/5 — 1)/2, but this does not restrict the gen-
erality of the approach, which allows direct generalization
to any other irrational relation between the frequencies.
Namely, we use the fact that any irrational number can be
represented by a continued fraction whose convergents
are its best rational approximations (BRAs) of the second
kind [39]. In the standard notations, the golden ratio con-
jugate (defining the driving frequency ag 1) is written as

18t periodic approx. ond

|

I

V, @) y=0

periodic approx.
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(+/5—-1)/2 =[0;1,1,1,..] and has the BRAs given by the
quotients {Fo/Fy, F1/F>, F2/F3, - - - } of the Fibonacci num-
bers F,. Thus, F,/F,+1 is nth BRA for the golden ratio
conjugate and ¢! = lim,,_, oo (F,,/Fy+1). Since any two
subsequent Fibonacci numbers F,, and Fj4 are coprime
integers, the optical potential V,(y,z) = V (3,1, ¢,) with
¢n =y — (Fy/Fuy1)az, corresponding to the approxima-
tion of ¢! by the ratio F,,/F,.1, results in pumping using
two-frequencies that leads to (longitudinal in our case)
period of Z, =2nF,y1/«a. This observation suggests
that instead of studying directly the light propagation in
the system governed by the Hamiltonian H,(z) one can
explore the propagation governed by its periodic approxi-
mants H,(z) = —(1/ 2)83 + V4 (9, z). Thus, the approxim-
ants are obtained by the replacement of the golden ratio
conjugate ¢! with its nth BRAs F,;/F,,; 1. The schematics
of this approach is presented in Fig. 1 and it shows how
increasing the number of BRA (as long as this is consist-
ent with available sample length due to increasing Z,, and
requirements of adiabaticity) allows observation of grad-
ual transition to quasi-periodic pumping.

ard periodic approx.

Z,= 2nF, /o

Z

f

>

Fig. 1 Conceptual schematic of periodic approximants illustrating light pumping in quasi-periodic lattices. The first four periodic approximants,
characterized by the optical potential V, (y, ), and the quantized displacement Y, of the output beam for the localized input beam after one

pumping period Z,. The z-periods Z, are depicted in proportion to each other, i.e. with Z;

17y 1 Z3=1:15:25The green line indicates

the direction of the light pumping identified by the trajectory of beam center of mass. The goal of the study is to predict the light displacement y,
in the limit n — oo (bottom panel), ¥, and to experimentally approach this limit using its longitudinally periodic approximants (upper three panels).
The black curve V,,(2)],—o depicts the lattice profile varying over z, following the white dashed line at y = 0 of V,(y, 2). The purpose of the study

is to obtain the pumping velocity, defined by Yoo /Zs, in the authentic quasi-periodic lattices
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2.2 Beam center displacement upon pumping

When applying the method of periodic approximants
(instead of considering a longitudinally infinite system) to
describe quasi-periodic bi-chromatic pumping, one must
address the following question: Does this limit exist, and
if so, can it be achieved with sufficient accuracy in a finite
physical system? To demonstrate that the answer is posi-
tive, we consider the displacement of the center of mass
(COM) yu(z) = [yIWul?dy/ [ 1W,|?dy of the light beam
after one period of the adiabatic evolution governed by
n-th approximant, i.e., by the Schrodinger equation (the
respective field is denoted by W)

i9,V, = H,(2)V,. (4)

Following the standard approach, one calcu-
lates the instantaneous spectra of the approxim-
ants, i.e., the propagation constants ,Bl’fk(z), by solving
Hu¢l = =B by, where ¢Zk(y, z) = eikyuZ(y, z, k) with
u,(y,z, k) = u,(y + 2m,z,k), are the respective Bloch
functions, v and k denote the Bloch band and wave-
number in the reduced Brillouin zone. According to the
Thouless theory [1], a relatively narrow probe beam,
whose spectral width coincides with the width of the v-
th band of the Hamiltonian H,, after one pumping cycle
Z, experiences the quantized displacement Y, = YC)
where Y = y,(Zy), CY = (i/27) [ dz [ 1}, dkS2(k,2)
is the Chern index of the excited band v, and
Q(k,z) = <Bzu2|8ku‘;,> - <8kuﬁ,|azu‘,’,> is the Berry curva-
ture ({f1g) = Jo~ f*gdy).

Considering approximants of sufficiently large #,
such that F, 15 > 1, in the interval z € [0,Z,] one can
expand the difference Vj,41 — V), in the Taylor series,
to represent the (n+ 1)th approximant in the form
H,+1 = Hy, + W, (y,z), where

—1)"az 0V, V,
Wo,2) = 202 WV o V) _
Fuy1Fn2 08y Fn+2
Here we wused the property of the Fibonacci
sequence  FyioF, — F2 = (—1)", the esti-

mate oz < aZ, K Fy11F,42, as well as the assump-
tion about smoothness of the potential, expressed by
|0Vy,/0C,] ~ |Vyl. Thus, under the above conditions
the Hamiltonian Hj,4; can be viewed as a perturba-
tion of the the n-th approximant. This allows us to
employ the perturbation theory to obtain the relation
Ch =C,+C,_ + OQ1/Fy42) (see Methods). Since C,,
are integers, while the small asymptotic term O(1/F;42)
is not, the exact relation C; ; = C,, + C,_; must hold.
This indicates that the Chern indices, derived using the
employed method for constructing approximations of
quasi-periodic driving, follow the Fibonacci sequence
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rule. While this sequence was obtained for large posi-
tive integers #, we conjecture (and check numerically, see
below) its validity for all # > 0. Then, considering that
Vieo = V,y —az,y) and Vi = V(y,y — az,y — az),
we obtain for the upper excited band v = 1 the respec-
tive approximants Cj =0 = Fy and C{ = 1 = F;, what
implies that C} = F, for all positive integers #. This leads
to our main result: the velocity of the quantized pumping
governed by periodic approximants, i.e.,

_Yc,

7 ®)

Vn
(recall that the transverse period is 27), in the limit
n — oo approaches the velocity of the respective bi-chro-
matic quasi-periodic pumping:

F, o

v= lim v, =« lim = — (6)
n— 00 n—0o0 n+1 (p

which is determined by the ratio between the frequen-
cies, i.e. by the golden ratio ¢ in our case.

2.3 Dynamics of topological pumping

The instantaneous borders of the allowed bands versus
propagation distance z for some lowest approximants,
described by Egs. (2) and (3) are presented in Fig. 2a (the
borders of the bands for even higher orders of approxi-
mation are presented in Fig. S12 in Supplementary Infor-
mation). While for any approximant the gaps remain
open for all distances z, the particularly large gap between
the upper and second bands, guarantees that the incident
beam, initially exciting only the band v =1 (as it occurs
in our experiments), will populate only this band during
the entire evolution of the system. The Chern number
C, for the lowest BRAs n =1,..,6 are computed to be
1, 2, 3, 5, 8, 13, respectively. As it was predicted above,
this is the sequence of the Fibonacci numbers Fi, ..., Fg,
thus, confirming that the transport of light in successive
periodic approximants is indeed governed by Fibonacci
numbers.

The outcome of direct simulations of pumping dynam-
ics governed by Eq. (4) with an input Gaussian beam
Wi, (y) = e 78 of width ro = 2.2, is presented in the
lower panels of Fig. 2a. This input corresponds to a
localized excitation that populates the entire v = 1 band
(consistent with the experimental excitation conditions).
Indeed, such Gaussian beam represents an accurate
approximation (see e.g. [51]) of the Wannier function
of the upper band, which corresponds to a superposi-
tion of all Bloch states of this band with different Bloch
momenta [52]. Moreover, our results show that Thouless
pumping can be observed even for broader beams with
width up to ro = 19.8, see Fig. S7 and S8 and discussion
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Fig. 2 Quantized transport of light in the lowest periodic approximants for ¢ ~! = (+/5 — 1)/2. a The first (black) and the second (gray) bands
of the spectra of the first three approximants (i, ii, iii), studied experimentally (see Fig. 3 below) and for the 6-th BRA (iv) at which the one-cycle
displacement closely approaches the quasi-periodic limit. The vertical magenta dashed lines in (i, ii, iii) indicate the propagation distances
Zn/2 at which the output beam was observed in the experiment. The green dots mark the positions of the COM, while white dashed line
indicates the y = 0 position, where the incident beam was launched. The corresponding diffraction of the light beam over single periods Z,
is shown in the lower panels. b The dependence of the displacement y, of the beam COM normalized to the transverse lattice period Y = 27
versus propagation distance z for the first six BRAs. The asymptotic limit prediction (Eq. (6) from the main text) is shown by the dashed line.

c The average velocity v, (the band index v = 1is omitted here) of the COM displacement for different approximants are shown as the red
dots converging with increase of n to the asymptotic limit a/¢, shown with dashed black line. In all simulations, Vy = —2.5, that corresponds

to the voltage 600 V applied to the sample in experiment

in Supplementary Information. In all simulations, lat-
tice amplitudes are p% = 0.09 and p% = 0.49, and we
consider a small angle & = 0.004, which defines the slid-
ing rate of the two sublattices and corresponds to the
best possible approach to the adiabatic regime of lat-
tice variations achievable in the experiment. All simula-
tions use the same initial condition ¥;, and are carried
out over distances corresponding to one pumping cycle.
In Fig. 2a we show propagation dynamics for the first,
second, third, and sixth orders of approximation, while
dynamics for the fourth and fifth order approximations
are presented in Fig. S12 of Supplementary Information.
One can see from Fig. 2a that as the order of rational

approximation increases, the z-period Z, of the optical
potential increases as well, that leads to stronger diffrac-
tion broadening of the beam on one pumping cycle. Nev-
ertheless, the displacement of the beam COM y,,(z) after
one pumping cycle increases with the order of approxi-
mation too. The dependence of the computed displace-
ment of the beam COM y,(z) is presented in Fig. 2b for
approximations of different order n. Despite consider-
able diffraction of the beam, clearly visible in Fig. 2a,
the displacement of the center of mass y,(z) is dictated
by the topology of the system, in a sense that displace-
ment over one z-period, Z,, is quantized and is given by
Y, = YC, for different BRAs (see dashed lines in Fig. 2b).
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Notably, the displacement after one cycle obtained
numerically is verified to follow the recursion relation
Y, =Y, +Y, , (Fig. 2b). Thus, despite increasing
with # diffraction broadening of the beam, the one-cycle
velocity of the pumping defined by (5) and illustrated
in Fig. 2(c) by the red dots connected by the dashed
red lines, deviates from theoretically predicted value
(6) (black dashed line in Fig. 2c) only for small orders
of approximation #n, and rapidly converges to (6) with
increase of the order of BRA. Thus, studying pumping in
different approximations of exact periodic bi-chromatic
pumping allows for the observation of a relatively rapid
transition to the average one-cycle pumping velocity.
Furthermore, it confirms that such quasi-periodic pump-
ing is inherently of topological origin.

2.4 Experimental observation of the convergence

of the average displacement
The above predictions based on the analysis of spectrum
of the periodic approximants V,(y,z) and on modeling
propagation of light beams in such optical potentials have

1/0,=2/3
0 7,/4

179:=3/5 100" pm

0
72 0

0 Z./4

1/9,=3/5 I 100 pm
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been corroborated through two distinct experiments.
The results of which are depicted in Fig. 3 and Fig. S5 (see
Supplementary Information). We employed the optical
induction technique [45, 46] to generate (using inter-
ference of sets of ordinary polarized plane waves, see
Methods) a sequence of periodic lattices within SBN:61
photorefractive crystal with dimensions 5 x 5 x 20 mm?,
These lattices correspond to the BRAs with increasing
n of quasi-periodic structures defined by two irrational
numbers ¢! = +(+/5 —1)/2 [introduced in Eq. (3)].
The maximal intensity of the lattice-writing beam was
around 0.54 mW /cm?, while the intensity of the probe
beam was approximately ten times lower than the lattice-
writing beam to ensure its linear propagation regime. To
examine light propagation in the induced optical lattices,
we utilized a low-power, extraordinarily polarized probe
laser beam. The beam was initially directed through a
cylindrical lens to produce a quasi-one-dimensional slit
profile, that is nearly uniform along the x-axis and that
has a finite width of 30 um along the y-axis. This beam
was then directed normally onto the front facet of the

x102

3 |
— = Asymptotic limit|

5 s]——o=112 P ’/§
—a—,=2/3

- —=— Theory

—e— Experiment, 400V

—A— Experiment,600V

—v— Experiment,800V h

Z/4 z,2 1 2
: nth BRA

Fig. 3 Observation of light pumping in the approximants of a quasi-periodic bichromatic driving with ¢ ~! = (+/5 — 1)/2. a—c The profile

of lattice corresponding to the three lowest BRAs q)f1 =1/2, <p2’] = 2/3,and <p3’1 = 3/5within half of the longitudinal period Z,,. The left column
presents the simulation results, while the right column shows the experimentally induced optical lattices. The simulations are based on Eq. 7. Here,
ko =118 x 10" m™ k, = 2.1 x 10°m~" £2 = 0.19 mW/ cm? and £3 = 0.35mW/ cm?. d-f The intensity distribution of the probe beam in the (y, 2)
plane, measured with the step of 1 mm along the z-axis at the voltage of 600 V applied to the photorefractive crystal. The green dots superimposed
on the plots showing the dynamics, mark the positions of the COM after each 1T mm of propagation, while white dashed line indicates the y = 0
position, where the incident beam was launched. Note that propagation distances in each case are shown in proportion to each other, with half

of the pumping cycle being Z,/2 ~ 8,12,19 mm, respectively. g Experimentally measured COM position versus distance z (dots) compared

with the analytically predicted asymptotic behavior given by Eq. (6) and shown by the dashed line. h The experimentally measured pumping rate,
v, under different voltages (colored lines) compared with the theoretical prediction (5), with v = 1, shown by the dashed line
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crystal, aligned with one of the local lattice maxima, and
covered approximately one lattice stripe, as shown clearly
in Fig. 3a. This is necessary for nearly uniform excitation
of the v = 1 band, while other higher bands remain unex-
cited. The beam’s propagation dynamics within the crys-
tal was recorded using a z-scanning CCD camera (see
Methods for details). Since in the experiment only the
band v =1 is populated, to shorten notations we drop
the band index v in what follows.

Figures 3a—c display the intensity distributions of the
dynamical lattices corresponding to the 1st, 2nd, and 3rd
BRAs of quasi-periodic structure within half of the lon-
gitudinal period Z,. The lattice profile is uniform along
the x direction and periodic in both the y and z direc-
tions. The induced lattices are identical at z =0 and
z = Zy,; however they vary differently with z, because of
different driving frequencies ag,, ! at different BRAs. The
higher-order lattices also exhibit more oscillations along
z within one z—period (or within half of z-period in the
experiment), indicating their progressive convergence
toward the final, truly quasi-periodic lattices. While in
case of approximants the lattice is expected to repro-
duce itself after a longitudinal period, in experiment,
the propagation distance is selected to ensure that finite
sample length of 20 mm is sufficient to accommodate
half of the longitudinal period, namely, Z;/2 ~ 8 mm,
Z>/2~12mm, and Z3/2~ 19 mm in physical units,
respectively, at least in the 3rd BRA of the bichromatic
quasiperiodic lattice. Note that, due to rapid increase of
Z,, with n, half of the period for 4th BRA already exceeds
the sample length. Importantly, due to parity-time sym-
metry of H,(z), one finds that the Chern number calcu-
lated over half of the period amounts to half of the Chern
number C, obtained over the whole period [24]. This
allows us to experimentally investigate the optical trans-
port and COM displacement for the first three BRAs
within a 2 cm-long sample.

Figures 3d-f illustrate the dynamics of the pumping
process by showing experimentally measured intensity
distributions of the beam in the (y, z) plane in dynami-
cal lattices depicted in Fig. 3a—c, while Fig. 3g shows
measured COM displacement y,(z) of the probe beam
in the nth BRA. Green dots in Fig. 3d-f illustrate the
position of COM after each 1 mm of propagation super-
imposed on the intensity distribution in the (y, z) plane
and clearly show its transverse displacement in positive
direction of the y—axis upon propagation. The measured
dynamics closely resembles theoretical results shown
in Fig. 2. The differences between measured experi-
mental intensity distributions and theoretical patterns
can be attributed to the impact of weak drift and diffu-
sion nonlinearity on weak probe beam and its possible
back-action on the lattice that are always present in real
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photorefractive crystal, but are not accounted for in the-
oretical model. Figure 3g compares the experimentally
measured COM displacement with theoretical predic-
tion for different BRAs. Since the velocity of pumping is
determined by the global topological properties of the
bands (characterized by spatiotemporal Chern numbers),
rather than by local imperfections or disorder inherently
present in our experimental setup, the pumping process
is expected to be robust against any local perturbations.
This is what one observes in Fig. 3g that despite the pres-
ence of some dispersion in measured COM displacement
shows good agreement with theoretical prediction from
Eq. (6). Slight discrepancy between experimental COM
measurements and theoretical predictions, which assume
adiabatic conditions, can be attributed to non-adiabatic
effects and potentially to weak nonlinear effects that are
not accounted for in theory. Importantly, in our setting
the voltage applied to the sample affects the depth of
the optical potential, but it does not affect its topologi-
cal characteristics (i.e. Chern numbers of the bands) and
therefore it should not affect the rate of pumping deter-
mined by global topological properties of the lattice.
Indeed, increasing voltage leads to gradual suppression of
diffraction, as we demonstrated in Fig. S2 in Supplemen-
tary Information by comparing intensity distributions
at 400, 600 and 800 V. At the same time, the velocity v,
plotted in Fig. 3h for different applied voltages remains
practically independent of this parameter, confirming
topological nature of this characteristic. Figure 3h illus-
trates also our main observation - gradual convergence
of the rate of observed pumping (defined using COM
position at the distance Z,/2) to asymptotic value corre-
sponding to pumping in truly quasi-periodic lattice with
increase of the number of a BRA. These experimental
results strongly support the conclusion about robustness
of pumping to variations in lattice parameters and to dis-
order and about topological nature of this phenomenon.

Similar observations are also reported in the Supple-
mentary Information for another example of the bi-chro-
matic pumping, characterized by the irrational number
¢~ ! = —(+/5 — 1)/2. This corresponds to opposite veloc-
ities of two sliding lattices. Notably, the Chern numbers
of the approximants in this case change their signs com-
pared to those shown in Fig. 3, while preserving their
absolute values. As a result, the center of mass (COM)
of the light beam shifts in the negative y-direction. The
results are presented in Fig.S1, S3, S4 and Sé.

3 Discussions

The approach based on periodic approximants, along
with its experimental implementation reported here,
provides a unique physical interpretation of quantized
pumping under quasi-periodic bi-chromatic driving. This
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interpretation characterizes quasi-periodic pumping by
the velocity, which is viewed as the limit of quantized
velocities measured after one cycle of each periodic bi-
chromatic driving, where the periods are related through
the BRAs of the given irrational number. Thus, quasi-
periodic pumping is intrinsically linked to the topo-
logical properties of the systems in which it is observed.
The mentioned limit is closely approximated even with
approximants of relatively low orders. From broad per-
spective, this study shows that topological robustness of
the pumping process persists even in systems driven at
incommensurate frequencies, challenging the traditional
requirements for strict periodicity of driving.

The reported transport therefore represents a gen-
eral topological phenomenon, as the derived results do
not rely on the specific type of physical system, the local
characteristics of the transverse lattice, or the depend-
ence of pumping on the evolution coordinate. Therefore,
one can expect that the described quasi-periodic driving
can be implemented and observed in physical systems of
other nature, like systems of cold atoms [8, 9, 11, 21] and
plasmonics [47]. Our results open up a new pathway for
designing and acquiring topological structures/materials.

There are several open general questions regarding
the physics of quasi-periodic pumping that are yet to be
explored. In our experiments, the observed light beams
undergo significant diffraction during pumping process.
Its suppression requires substantial increase in the lat-
tice depth, that is nevertheless limited by the capabili-
ties of optical induction technique. A potential extension
would be utilization of discrete waveguide arrays, where
large waveguide depth can lead to substantial suppres-
sion of diffraction broadening [7], or utilization of non-
linear effects that could suppress diffraction, enabling
the pumping of a localized wavepacket [24, 48]. Another
natural extension is the study of quasi-periodic bi-chro-
matic pumping in quasi-periodic lattices that support
the propagation of localized, non-diffractive beams [19].
Novel transport scenarios can also be anticipated in two-
dimensional settings, both in periodic lattices [4] and in
moiré lattices, where light diffraction can be significantly
suppressed [49].

From an experimental perspective, the setting
described here provides a versatile platform for explor-
ing the interplay between topology, symmetry, and, in
the nonlinear regime, many-body effects. This could lead
to the discovery and experimental validation of exotic
phases of matter with unique transport properties and
unveil new opportunities for engineering innovative
quantum devices with unique transport properties.
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4 Methods

4.1 Experimental setup

As depicted in Fig. 4, the experimental setup utilizes the
optical induction technique to create the lattice. Specifi-
cally, two continuous-wave, frequency-doubled Nd:YAG
lasers operating at the wavelength of 532 nm, ordinar-
ily polarized after passing through a half-wave plate
(HWP), were employed to inscribe superlattices in a
biased photorefractive crystal (SBN:61) with the refrac-
tive index n, &~ 2.2817. The crystal, with dimensions of
5 x 5 x 20 mm?, was oriented such that its optical axis
was aligned with the 20 mm direction, indicated by the
dashed line in beam path (1). To investigate the light
propagation dynamics within the induced superlattice,
an extraordinarily polarized beam at a wavelength of
632.8 nm, generated by a He-Ne laser, was directed into
the sample (as shown in beam path (2)). A translation
stage equipped with an imaging lens (L3) and a mounted
CCD camera enabled the step-by-step recording of the
induced optical lattices and the intensity of the probe
beam, at intervals of 1 mm throughout the sample.

4.2 Optical potential

In our experiment, we interfere plane waves and
imprint the resulting interference pattern of light into
the photorefractive crystals SBN. The lattice-writing
beams, after being expanded by a spatial filter (SF), are
directed through an amplitude mask, Mask1, which has
three pinholes symmetrically positioned along a line at
¥1,2,3 = —a, 0,4, as shown in the inset of the Fig. S1. Note
that here we use physical variables (their relation to the
dimensionless ones used in the main text are given at the
end of this subsection). The two beams originating from
pinholes 2 and 3 are attenuated (AT) so that their ampli-
tude is reduced to half, and then interfere with the beam
originating from pinhole 1 (which remains unattenu-
ated with an electric amplitude E;) after being refracted
by the lens L;. The resultant interference intensity I; (r)
is given by I = (E%/4-)|26”‘1" + etkar 4 otks T2 where
r = (y,2), and k,, (m = 1,2,3) is the wavevector of the
m-th plane wave originating from the m-th pinhole,
each having a transverse (along y-axis) and longitudi-
nal (along z-axis) components, ki = (k, (kg - k§)1/2),
ko = (0, ko), k3 = (—k ,(kg - k;)l/z). In this way, one
obtains a superposition of a stationary lattice with a
sliding lattice, i.e., an optical potential emulating Thou-
less’s original setting [1]. Such lattice has a transverse
period Y = 27 /k, = 29.9um, and a longitudinal period
Z1 =4nek071/k§ =7.7mm. In order to add a second
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532 nm

SF
HWP Maskl AT
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Fig. 4 Experimental setup. HWP half-wave plate, AT adjustable attenuator, SF spatial filter, L1, L3 circular lens, L2 cylindrical lens, BS beam splitter, SBN
strontium barium niobate crystal, CCD charged-coupled device camera. Inset: Two amplitude masks, one is equipped with three pinholes, and other

with two pinholes

sliding lattice with the same transverse, but a different
longitudinal period Z; related to the first one by the irra-
tional number ¢: Z,/Z1 = ¢, in addition to the Mask 1,
we add a Mask 2 that features two pinholes at the posi-
tion ya5 = (1/¢ £ 1)a/2. This creates the second slid-
ing-lattice-writing beam with the longitudinal period,
Zy = 4neko<p7t/k;. The second sliding-lattice-writing
beam is added incoherently thus producing the intensity
distribution:

2
1 (y Z) 1 |2elk1 r +elk2r +elk3 r|2
E% iky-r iks-r2
+ 1 |47 5%, @)
Here ks = (pky/2, (k§ — @7k /9)?),
ks = (97" = Dky/2, (k§ — (9" = D2k} /4)'/?). Note

the intensity of the second sliding-lattice-writing-beam
E% can differ from E% such that the photonic lattice
induced by these beams could feature different modula-
tion depths.

The potential amplitude Vj is controlled by the volt-
age V added to the crystal obeying the empirical formula
Vo = —k3ntrss V/2ky2d [50]. Here r33 = 450 pmV !
the electro-optic coefficient, d is the transverse dimen-
sion of the sample (d =5mm for our sample). The
dimensionless variables are now introduced by replace-
ments: kyy — y, kyz — z. In these variables the magni-
tude of the sliding angle is given by a = &, /n.ko.

4.3 Perturbation theory for approximants
Let us introduce

N2
Hyp = —(1/2)(0) + ik)” — Vu(y,2)
eigenvalue problems H, iu, = u, (k,z)u,

integers n, and compute
I

= dz dk<2;, (k, z)

Zn Zn—1 27 \ Zy Zn 1 1/2 "

1/2 "Zp_1
dz / dk$2,(k,2) + ———— / dz

ZﬂZn 1/2,,1 12 2 Zn 1
(@) 2)

1/2
/ dk Q) (k,z) — Q,_; (k,
—1/2 (8)

approximants

resulting in the
defined for

1k, 2)]

Here by analogy with [43] we explore C},/Z, which for
our purposes is a more convenient quantity that the
Chern numbers themselves.

Denoting € = 1/F,12 < 1 (to shorten notations) we can
look for u},(y,z, k) in the form of perturbation expansion
uy=u,_;+evi+---,and p;, = u,_; +€uy + ... Thus
for z € [0, Z,] we have Qn 1= Q(n D1 T O(e). This, as

well as the relation
Zy=Zy-1+2Zn (9)

which follows from the property of the Fibonacci
sequence F, 1 = F, + F,,_1, allow to recast (8) in the
form

Cv C:q) 1 — (1 _ 1 >Cv
Zn Zn 1 Zn anl "

i Zyn—2+2Zy1 1/2
d ak2y . (k, (@)
+ ZnZn_l/ z o 1k, z) + O(e)




Peng et al. eLight (2025) 5:16

Further simplification is achieved by using (9), as well as
the fact that Q) _, (k, z) is Z,—1-periodic:

C;lt) ;11}—1 Zn—2 Cv_z
- = =- Cp+—=+0@E (10
Zy Zy—1 ZnZn—1 " Zy—1 ( )

After rearrangement of the terms, and using (9) once
again we obtain C, , = C, + C,_; + O(1/F,12) which
is used in the main text.
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